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1. Introduction 

In this paper we establish the complete classification of cusp forms of all orders. Higher-order cusp 
forms constitute a natural extension of the notion of classical cusp forms and they have attracted 
the interest of several researchers in the broader area of automorphic forms during the last few years. 
Reasons for this interest include its relevance for new approaches to problems related to the distribution 
of modular symbols ([CDO]), to GL(2) L-functions ([DKMO], [F]), to percolation theory ([KZ]) and, 
more recently, to Manin's non-commutative modular symbols ([M]) via the connection of higher-order 
forms with iterated integrals ([DS]). This approach has already yielded striking successes, e.g. the 
proof that modular symbols have a normal distribution ([PR]), the establishment of higher order 
Kronecker limit formulas ([JO]) etc. 

The first step towards a classification of spaces of higher-order cusp forms was taken in [DO], where 
the case of order 2 was settled. Unexpectedly, the classification of higher weights proved to be far from 
routine and it seems that ultimately this is related to difficulties to identify the underlying cohomology 
in orders higher than 2. Indeed, we have not found yet an Eichler-Shimura-type theorem similar to 
that proved in [DO]. However, in this work we succeed in computing the dimensions of the spaces of 
higher-order forms and in constructing explicit bases that are fully computable. 

The first two sections deal with technical preliminaries some of which have independent interest (e.g. 
the growth estimates for antiderivatives of higher-order cusp forms). The basic theorem, establishing 
the analytic continuation and growth properties of the generalized Poincare series on which the basis 
elements is built, is proved in section 3.2. It is based on a quite large scale induction which relies 
crucially on the spectral analysis of a certain Poincare-type series. The basis elements are constructed 
in Sections 3.3 and 3.4, where it is also proved that they are actually a basis of the space of weight 2 
higher-order cusp forms. In section 4 we contruct bases for higher-order cusp forms of higher weight. 

2. Definitions and basic estimates 

Let r C PSL2{M.) be a Fuchsian group of the first kind acting on the upper half plane Sj with non 
compact quotient r\^) of genus g. We assume that there are m > 2 inequivalent cusps. As usual we 
write X + iy ~ z E 9] and ij* for together with the cusps. Let dfiz be the hyperbolic volume form 
dxdy/y^ and 

dxdy 



V 



the volume of T\Sj. For a fundamental domain ^ fix representatives of the inequivalent cusps in ^ and 
give them labels such as o, b. Use the corresponding scaling matrices CajCrb to give convenient local 
coordinates near these cusps as in [II], Ch 2. The subgroup Fu is the set of elements of F fixing a and 

O-a^^FcCTa = Too = |± 7) I ^ ^} • 

Typeset by AmS-TW^ 



The slash operator \k defines an action of PSL2{^) on functions / : i3 i— > C by 

{f\kl){z) = f{jz)icz + d)-'' 

with 7 = ( * * ) e PSL2{R). Extend the action to C[PSL2{R)] by linearity We set j(7, z) = cz + d. 
We now define the space Si (F) of cusp forms of order t and weight fc > recursively by setting: 

(i) Sl{T) - {0} and 

(ii) for t > 1, by letting Sl.iT) be the space of holomorphic functions f : ^ ^ <C such that: 

1. /|fc(7-i)es*-^(r), foraii7er, 

2. f\kT^ = f, for all parabolic tt G F and 

3. for each cusp a, {f\kO'a){z) e"'^^ as y ^ cx) uniformly in x for some constant c > ("vanishing 
at the cusps"). 

When the group is clear, wc will be using Si instead of Sl{T). 

A useful reformulation of this definition, essentially proved in [DKMO] is that a holomorphic 
f : Sj ^ C is a t-th order cusp form if and only if it is invariant under the parabolic elements, it 
satisfies 

/|fc(7i-l)...(7t-l) = for all 7, gT 

and, for each 7 G F and each cusp a, {f\kl'^a){z) <C e~'^^ as y ^ 00 uniformly in x with c > and 
the implied constant depending on 7. 

Further, by relaxing the third condition to include functions such that, for each cusp a, (f\k'^a){z) ^ 
y*^ as y — > 00 uniformly in x for some constant c, we obtain the space of t-th order modular forms. 
We denote it by M^. 

The next lemma is stated in greater generality than what we need it for in the sequel because we 
want it to cover other situations that have arisen in our work. 

We define recursively certain sets of maps denoted by Ht- First, for convenience we use the 
superscripts + and ~ to indicate absence and presence of complex conjugation respectively. We set 

(i) Ho = Hi = {0} and 

(ii) for t > 1, we set 

Ht := Hr^ 5| 



r+s<t 
l<r,s<t-l 



where Hr C Maps{r, C) is generated by maps of the form 

7 ^ n ( / fiHdw) 

for some Zi G Sj* with fi G S2^ such that fi\2{- — 1) G 'Hn and X^I^Li ^« = ^- (Here and in the sequel 
wc will take sums whose upper limit is smaller than the lower to be equal to 0.) We identify each of 
these spaces with their images in MapsiT, Sl"^) under the natural projection. 

With this notation we can now state a proposition that gives important estimates for derivatives 
and anti-derivatives of weight 2 cusp forms of all orders. 

Lemma 2.1. For all t>0, if f € S2 satisfies f\2{- — 1) G Ht then, for any cusp a, 
(i)Im(z)|/(^)|«|^|log(Im(^))r 
{ii) j f{w)dw^'^\\og{\m{aa~^z))Y and 



{ill) I fiw)dw< J2 |log(Im(a„-iz))|'|log(Im(aa-Sz))P' 

i+j<t 



for all z G Sj. The implied constants are independent of z and 7. 

Proof: Wc will use induction on t. For t = 0, it is trivial. Let now t > 0. Assume the result holds 
for orders < t and let f € S2 satisfy /|2(- — 1) € H*. To prove (i), let be the strip of {x,y) with 
y > and |x| < 1/2 and F the fundamental domain consisting of z G Foo such that |i(7, > 1 for 
all 7 G r — Too- Then Im(z)|/(z)| <C 1 in because / has exponential decay at each cusp. If, on the 
other hand, z G F^c — F, then there is 7 € r — Too cind w €: F such that z — 7^* According to Lemma 
1.25 of [Sh], there is a r > depending only on T such that lm.{w) < 1 / {r'^Im{z)) . On the other hand, 
since w G F, lm{z) <Im(w). Therefore, log(Im(2;)) < log(Im(w)) < — 21og(r) — log(Im(2;)) and hence 

I log(Im(w;))| < 2| log(r)| + | log(Im(^))|. (2.1) 

Now, if 

(/|2(7-l))(^) = E'n(/ hi{w)dwfho{z) (2.2) 

where the prime indicates that the summation is over {hi, . . . , hm, ho) G S2 x • • • x iS'2'" x Si^ {h + 
\-lm + lo<t) with hi\2i- - 1) e Hi, {i > 0), then 

|Im(z)/(z)| = |Im(u;)(/|27)(HI < Mw^)/MI + ' I H / hi{w)dw\\lTn{w)ho{w)\. 

With the boundedness of Im(2;)|/(2;)| in F and the inductive hypothesis, we deduce that 

m ^0 — 1 

|Im(^)/(^)| « 1 + ^ ' n ( E I log(Im(«;))r| log(Im(7«;))p) ( ^ | log(Im(«;))r) 

n— 1 i-\-j<ln ^—0 
0<i,j 

with the implied constant independent of w and 7. With (2.1) this imphes 

rn Iq — 1 t — 1 

\lm{z)f{z)\ « 1 + E ' n ( E I log(Im(^))r+^) ( ^ I log(Im(^))r) « ^ | log(Im(^))r 

n=l i+j<lr, i=0 i=0 

0<i,j 

for z G Foo — F and thus for all 2; G ij because both sides of (i) are translation invariant. 
To prove (ii), we first note that 

f{w)dw= / {f\2aa)iw)dw. 

Since /|20'o(o'o^^7''"a ^ 1) = fUil — l)o"a. an inductive argument implies that /I2C0 G Sl(T') with 
r' := a~^Taa- In fact, a similar argument implies that f\2<^a{- — 1) € Ht(r'). Therefore, we can use 
(i) to deduce 

t-1 

Im(z)|(/|2a„)(z)|«^|log(Im(z))r 

Further the invariance under the parabolic elements gives 

-1 

{f\2aa){w)dw = 0. 

J z 

Therefore, 

r+'y iog(im«7)*-i + --- + i 



/ f{w) dw < / — -— dw 



with y =Ini2: and x =Re2: mod 1 and < a; < 1. The last integral equals 

«+iimK-^^o) r^+iy log(Imw;)*-i + ••• + ! 



/ + / 



dw 



/a;+iIm(<T„-izo) Im{w) 

where the integration path is, in both cases, a straight segment. This sum in turn equals: 

log(Im(a„-izo))'^' + ••• + !, „ , _i .T log(s)*-i + • • • + 1 . 

-1, ^ (x - Re(a„ ho))+i / ' ds « 2^(log(Imz)y 

Replacing z by a'^'^z completes the proof of (ii). 
Finally, by employing (2.2) it is easy to see that 

P'^ZO C1Z PZ ™ flZi pZq 

I f{w)dw= f{w)dw- f{w)dw + ^'Y[i hi{w)dw)^ I ho{w)dw (2.3) 

J zq Zo Zo 2—1 * 

where the summation is over (hi, . . . , hm, ho) £ 5*2^ x • • • x S^'" x 5*2°, {h + ■ ■ ■ + Im + lo l£ t) with 
hi\2{- — 1) € Hi-, {i > 0) and the inequality follows from (ii) and the inductive hypothesis. □ 

3. Bases for S^{T) 
3.1 Preliminaries 

We collect here some notation and results we will be using frequently in the sequel. 
Let C°°{r\Sj, k) denote the space of smooth functions ip on Sj that transform as 

V'(7^) = £(7,^)VW 

for 7 in r and e{j, z) = z)/\j{'y, z)\. Note that this notion of weight in general differs from the 
previous definition of weight. 

We define the Maass raising and lowering operators by 

^- d k ^ d k 

'^' = ^'yTz^r ^^= = -'^^^1-2- 

It is an elementary exercise to show that 

Rk : c°°(r\i5, k) ^ C°°(r\i3, k + 2), Lk : c~(r\^, k) ^ C°°(r\i3, k - 2). 

For n > 0, we write i?" for Rk-\-2n-2 ■ ■ ■ Rk+2Rk and for Lk-2n+2 ■ ■ ■ We also let and 

be the identity operator. 

A very useful fact proved in [JO] (Lemma 9.2) is that if 7 gPSL2(M) and 

/i(s, k, F) := F{'y)lm{'yzye{m-yz)e{'y, z)~'^ 

then 

Rk^.{s, k, F) = 2ifj.{s + 1, A; + 2, -^F) + {s+ ^)/i(s, k + 2,F)- 47rm/x(s + 1, A; + 2, F) 

dz z 

Lkti{s, k, F) = -2ifx{s + 1, fc - 2, ^F) + {s- ^)m(s, k-2,F) (3.1) 

4 



The hyperbolic Laplacian A = — d/dz d/dS can be rcahzed as A = —L2R0 = —R-2Lq. Further, 
for T G PSL2{R), we let the operator 6*1-,^ : C°°{T\^, k) C~(T-irT\^, k) be defined by 

e{T,z)'' 

It is easy to verify that this action commutes with the raising and lowering operators: 

In stating our bounds, the notation yriz) = maX(,(max^gr(Ini((T(,~^7z))) will often be useful. For 
example, if is smooth with weight then we write tp{z) <C j/r(z)'^, instead of ^p{(7az) <C for 
each cusp a as y — > 00. We also use the notation y^{z) = maxa(Im(CTo~^-2)) for z in a fundamental 
domain ^. 

We next recall that the usual non-holomorphic Eisenstein series 

is absolutely convergent for s with Re(s) > 1 (and uniformly convergent for s in compact sets there) 
and that it has the Fourier expansion at the cusp b 

Ea{crbZ,s) = Saby" + <Pab{s)y^^'' + ^ (pabim, s)Ws{mz) 

= SabV' + </'ab {s)y'-' + 0{e-^-y) (3.2) 

as y ^ 00 with an implied constant depending only on s and F. 

The hyperbolic Laplacian operates on L''^{T\9)) the space of smooth, automorphic, square intcgrable 
functions. Any element ^ of L^(r\^) may be expanded according to the discrete and continuous 
spectrum of A (Roelcke-Selberg decomposition): 

^ 1 

az) = Y.{^,vMz) + j-Y. {tEb{;l/2 + ir))Eb{z,l/2 + ir)dr, (3.3) 
j=o b -^-^ 

where {77^} denotes a complete orthonormal basis of Maass forms, with corresponding eigenvalues 
Xj = Sj{l — Sj), which forms the discrete spectrum. As always, we will write sj = Uj + itj, chosen 
so that (Tj ^ 1/2 and tj > 0, and we enumerate the eigenvalues, counted with multiplicity, by 
= Ao < Ai < A2 < ■ • • . Weyl's law ((11.3) of [II]) implies 

|A,KT}«T. (3.4) 

The decomposition (3.3) is absolutely convergent for each fixed z and uniform on compact subsets 
of ij, provided ^ and A^ are smooth and bounded (see, for example, Th. 4.7 and Th. 7.3 of [II]). 
For each j, the Fourier expansion of r]j is 

'nj{(Jaz) = paj{0)y^-'^ + ^ paj{m)Wsj{mz). (3.5) 

For all but finitely many of the j (corresponding to Aj < 1/4) we have cfj = 1/2 and Poj(O) = 0. The 
constant 6r used throughout this paper is chosen so that 1 — ^r>o'i^l/2. 
With this notation we now state 

5 



Lemma 3.1. For all z & Sj, T gR and n G we have 

(i) R-{vj{z)),L"{^,{z)) «r,n {\tjr + l)yrizy/' + {\tj\'"+' + l)yT{z)-'^' 

(ii) E^iz, 1/2 + ir) ^ yvizf'^ for all r e [T, T + 1] 

{in) / \R''E„{z,l/2 + ir)\'' dr, / 1/2 + ir)|' rfr < T^^+^VW 

Jt Jt 

Proof: For a proof of sec Lemma 8.2, (11.12) and Lemma 8.3 of [DO] respectively. □ 

We now define the basic auxiliary functions we will be using in the sequel and prove their basic 
properties. For k £ 2Z, we consider 

Uam{z,s,k)= ^ IrR{<ja~^'yzye{maa~^^z)e{aa~^'y,z)~'' 

7er„\r 

and for simplicity we set Uam{z, s) Uam(,z, s, 0). By a direct computation based on (3.1) 

RkUarniz, s, k) = [s + fc/2)t/„„(z, s, k + 2) - AirmUam{z, s + 1, fc + 2) (3.6) 

LkUamiz, S, k) = {s- k/2)Uam{z, S,k- 2). (3.7) 

Proposition 3.2. For k G 2Z, Uam{z,s,k) has a meromorphic continuation to all s with Re{s) > 
1 — 5t its only pole appearing at s = 1 when m = k = 0. It is simple with residue 1/V. Furthermore, 

Uao{z, s, k) <C yvizY and Uam{z, s, k) « yrizy^"^ (m > 0) 

for these s with the implied constant depending on s,m,k,r. 
Proof: This is the content of Propositions B and C of [DO]. □ 

Given this analytic continuation we set 

Pamiz)2 ■= y~^Uarn{z, 1, 2), 

These series are holomorphic for m > and span <S'2(r) (cf. [JO] Th. 3.2). When m = they satisfy 
j{ab,z)-^Pao{abz)2 = 5„6 - ^ + 0(6-2^") as ^ oo (3.8) 

and 

For f £ S2 and n G Z>i we set: 

(•22 /-Zl 



Ian{Zn) = ' ' ' / / fa{zo)dZodZi ■ ■ ■ dZn-1 

Jioo Jioo J ioo 



where fa{z) = f{(Taz)/j{aa,z)'^. For n < 0, we set laniz) = /„ "\z). We observe that Iaii<^a ^z) = 
la f{w)dw. With this notation, we set, for each r S Z>o 

Qam{z,s,n,r;f) = ^ Ian{(^a~^'yz) Im{aa~'^'yzye{maa~^'yz)e{aa~^'y,z)~'^■ 
l&ra\^ 

In this section we will give the domains of initial convergence and bounds of this series and its 
derivative. Their analytic continuation will be discussed in the next section. 
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Proposition 3.3. Let f e S2 be such that /|2(- - 1) e Ht- For fc € 2Z and a = Rc(s) > 1 the se- 
ries Qam{z, s, 1, k, f) and Q'^^{z, s, 1, k, f) converge absolutely and uniformly on compacta to analytic 
functions of s . For these s and for all m > 0, Qam{z,s,l,k; f) and {\m\ + l)^^yQ'^j^{z, s,l,k; f) are 
bounded by a constant times yr{zY^'^~'^^'^- The implied constants are independent of z and m. 

Proof: Let / G 6*2 be such that /|2(- — 1) € Ht- By Lemma 2.1 and the elementary inequaUty 
I \ogy\ < e{y'^ + y~^) we have 



/ ' f{w)dw < ^ y^^ (3.10) 
for all z m and hence 

/ f{w)dw = I f{w)dw <C lm{aa~^'ycrbzy'^ 

•la J a i 



3 = -t 



for any cusp b and any z in Sj. The implied constant depends solely on 0, e, / and T. Further, the 
Fourier expansion of /j^ ' f{w)dw yields 

/ f{w)dw= / f{w)dw + — y2^^e{nz) (3.11) 

Ja J a ^'^1 n 

with ab{n) the n-th Fourier coefficient of / at the cusp b. Thus, 

/ f{w)dw ^e-'^'^y asy^oo. (3.12) 

J a 

Consequently, since \e{maa~^^z)s{aa~^^, z)~''\ < 1, 

p<7aZ 

Qam{(^aZ,s,l,k;f) <^ ^ |/ f{w)dw\Im{aa~^'yaaZy 



7era\r 
t 



« e-^'^^y" + E E Im(a„-i7'7a^)"+-'^ « y 



l-<7+te 



7er„\r \j=-t 

for (7 > 1 + as y ^ 00 by (3.2). When a 7^ b we have 

t 

Qami^bZ, s, 1, A:; /) < ^ i;a(CTfaZ, CT + je) < 
j=-t 

for cr > 1 + as ?/ ^ 00. Choose e = (cr — l)/2t for simplicity and we have demonstrated that 

Qam{z,s,l,k;f)^yr{zy/^-''/^ 
for (T > 1 and an implied constant depending on a, 0, / and F alone. This proves the statement for 

Qam{z, S, 1, k; /). 

With (3.1) we deduce that 

2iyQ'^^{z, s, 1, k; f) = {s+ '^)Qamiz, s,l,k + 2; /)- 

- k 

AirmQamiz, s + 1, 1, fc + 2; /) - -Qam{z, s, 1, k; /) 
7 



This together with the c;ontinuation and bounds of Qam that we have just proved yields the desired 
result about Qam- Q 



3.2. The basic theorem 

We are ready to state the theorem that will enable us to construct the basis elements for 82- 
We first construct a family of elementary functions in 82- Fix a cusp a and let {fi, . . . , fg} be an 
orthonormal basis of 52- For ij £ {1, ... ,g} we set 

Fh,...,n{z) = fi^{z) J fi^{w)(^J^ fi^...^dw. 

It is easy to see with (2.3) and an inductive argument that 

/•70 

Fn,...,ij2(7-l) = E^ii.-.v / Fi^+u-Mdw. (3.13) 

r=l 

It is straightforward, by an inductive argument, to see that they are invariant under the parabolic 
elements, that they vanish at the cusps and that 12(7 — 1) G S2~^- Hence Fi^^,,,^i^ G Sj. 

Since these functions will play a fundamental role in the sequel, we set 

^t = {Fn,...,i,;ij e {!,...,<?}}. 

It is clear that, if / € At, /|2(- — 1) € Ht, so the results of the previous sections apply to the elements 
of this set. 

To generate further higher-order cusp forms, we need some functions that depend on standard 
cusp forms in a less elementary way than the Fij_...^jj's do. Specifically, let m > and k £ 2Z. For 
/ e Sl{r) we set 



Zam{z,s,l,k;f) := ^ (f f{w)dtv\lm{aa ^■yzye{maa '^'yz)e{aa ^ 

7er„\r ^ 

This function is essentially a generalization of the function Zam{z, s; f) which was crucial for the 
construction of a basis of the space of second-order cusp forms in [DO]. However, the multiplier is 
slightly modified. The advantage is that in this way we avoid the introduction of the function Gam 
used in [DO]. 

We need to meromorphically continue Zam to a region that contains 1. The proof has many 

similarities to that of the corresponding result in [DO]. 

Theorem 3.4. For f e At, Zam(z. .s, 1, fc; /) admits a m.erom.orphic continuation to Re(.s) > 1 — Sy- 
The only possible pole is s — 1 and it can only occur when k < 0. For k = {), it is simple. For 
k>2, and my 0, Zam{z, s, 1, k; /) < Vsiz)^^^- For k > 2, Zaa{z, s, 1, k; /) <C y^iz)''. For k = 2, 
Zao{z, 1, 1, 2; /) <^ y^izY^"^. The implied constants are independent of z in all cases. 

Proof: We will prove the theorem by induction on t. For t = 0, it is trivial. Let t > and suppose, 
the statement is true for orders <t. If f G At, then (2.3) implies 



Zam{z, S, 1, k; /) = Qam.{z, S, 1, fc; /) - ( / f{w)dw) Uam{z, S, k) + 

J a 



^ Zam{z,s,l,k;h){J^ 



hi{w)dw) (3.14) 



where the prime indicates that the summation is over some pairs {h, hi) g x At-r, 1 < r < t — 1. 

The meromorphic continuation and bounds of Uam{z, s, k) and Zamiz, s, 1, k; h) in (3.14) are known 
by Prop. 3.2 and the inductive hypothesis respectively. Therefore, we only need to meromorphically 
continue and bound Qam{z, s, 1, k; /). To this end we first need to study Qamiz, s + n+ 1, —n, k, f) 
for n > 0. 



Proposition 3.5. Suppose that f ^ A* . For A: G Z and — n ^ the series Qamiz, s + n + 1, — n, fc, /) 
has a meromorphic continuation to Re(s) > 1 — Sr- For k > 0, it is analytic. Also for these s 
and k > we have Qam{z,s + n + 1,— n, fc;/) <C e"'^^'"^^^ with the implied constant depending on 
n, m, f, k, s and T alone. 

Proof: We begin with the formula 

vahd for any holomorphic g : Sj ^ C and for all 7 in F (see [CO] for a proof). Set T' := aa~^T<Ja- 
Then aa~^ra(Ta = Too and 



e{aa, zy^QamicTaZ, s, -n, k; /) = {l'z)lm{j'zye{mj'z)e{j', z)-" = 

7'er^\r' 

(_2i)-" ^(-1)"- j^±il| L^{0y,-2iyTM))Myzr—'eimj'z)e{^', z)-^'^+'y 



Now, if /|2(7 - 1) = E /iH^^w)^! (7 e r), with {h,hi) e A.(r) x At_,.(r), (r > l), then 

/a|2(7'-l) = E /^a(w^)dw^)(/ii)a for 7' € T' and {ha,{hi)a) € A,(r') X ^t_,(r'). Therefore, 



(0y,.2{yfa{z))) = {y{fa\2y){z)) = U (vUz)) + ^ '^^ " /i„(«;)d«;L'' (y(/ii)„(2)) 
It is also easy to see (cf Prop. E of [DO]) that for all G : ^ C, 

U [yG^iz)) = U (yWi) ^ ^ ^('^a, zf 



\2r+2 



SO 



Y {ey,.2iyfaiz))) lm{j'zr-"-'e{m^'z)e{j', z)-<-^^+^^-^ = 
7'eroc\r' 

L''{y7(z))\^^,Uam{(TaZ, s - n - 1, 2r + 2 + k)s{aa, z)-''+ 

Y'[L'iyWz))>^ 



( E (/ /iHci«^)lmK-i7^)^-"-ie(ma„-S^)£{a„-S,^)-^"'+'^-')]|a..£K,^)-' 



76r„\r 



= L''{yf{z))\„^,Uam{craZ, s - n - 1, 2r + 2 + fc)e(CTa, z)-''+ 

Y ' L'-{yh^)\„^,ZaUaaZ,s - ri - l,l,2r + 2 + k]h)e{aa,z)-'' (3.15) 

Since h E Ar, r < t, the inductive hypothesis implies that Zam has a meromorphic continuation for 
Re(s — n — 1) > 1 — (5r. By Prop. 3.2 the same holds for Uam- Moreover, since 2r + 2 > 2, by the 
inductive hypothesis and Prop. 3.2 we deduce that we obtain an analytic function when k >0. 

The function (^yf{z)^ (and L'^ (^yh{z)^) has exponential decay at every cusp b because 
0.,,-2r-2L' [yW)) = U {e,,^_2yl(z)) = U [yW^zf^TM) = E • 



Hence 

for an implied constant depending on r, / and T. Therefore, with (3.15), (3.16), Prop. 3.2 and the 
inductive hypothesis, we have for Re(s) > 1 — (5r and fc > 0: 

Qam{z, s + n+l,-n, k; f) < e-^^^^'l 

□ 

We are now ready to prove the analytic continuation of Qam{z, s, 1, fc, /). 

Proposition 3.6. Let m > and k € 2Z. For f € At the series Qam{z, s, 1, fc; /) has continuation 
to a meromorphic function of s with Re(s) > 1 — Jr- For k > 0, we obtain an analytic function. For 

k = 0, it has only a simple pole at s = 1 with residue if m ^ and otherwise. For fc ^ 

or k = m = 0, we have Qam{z, s, 1, fc; /) < yriz)^^'^. For fc = 0, m ^ 0, (s - l)Qam{z, s, 1, 0; /) -C 
yr{zy^^. The implied constants depend on s, m, f and T. 

Proof: We first prove the result for fc = 0. By Proposition 3.3, Qam{z, s,l,0; f) is square integrable 
for Re(s) > 1 and the spectral decomposition yields 

oo 

Qam{z,S,l,Q\f) = ^{Qam{-,S,l,0;f),Vj)Vj 

1 f°° 

+ ^^/ {Qami; s, 1,0; f), Et,{;l/2 + ir))Eb{z, 1/2 + ir) dr. (3.17) 
We recall the Prop. 9.3 and Cor. 9.4 of [JO]: 

Lemma 3.7. Let ^i, ^2 and ip be any smooth T invariant functions (not necessarily in L'^(r\S))). If 
(A - A)a = 6, (A - A')V = and 

^uRo^i,^^i^yr{z)^, 
^,Roip ^yr{z)'^ 

for A + B <0 and Rq = 2iyj^ the raising operator, then 

We will apply this lemma to ^1 = Qam{z, s,n,0; f) {n € Z) and tp = rjj. (3.1) implies that for all 
n e Z, 

(A - s(l - s))Qam{z,s,n,Q;f) = - 8TTim.Qam{z,s + 2,n- 1,0; f) 

+ 4nmsQam{z, s+l,n, 0; /) + 2isQam{z, s + 1, n - 1, 0; /). 

Next, we have rjj{z), Ror]j{z) <C yrizY^^ by Lemma 3.1(i) and 

Qamiz, s, 1, 0; /), RoQamiz, s, 1, 0; /), AQamiz, s, 1, 0; f) « t/r(^)'/'""/' 

for (T = Re(s) > 1 by Proposition 3.3 and Proposition 3.5. So we may use Lemma 3.7 to get, for 
Re(s) > 2, 

(Qam(-, s, 1, 0; /), = - — ^ _ — ^ ( - Smm{Qam{-, s + 2, 0, 0; f),r]j) 

{Sj S){1. Sj S) \ 

+ A'Kms{Qam{-, s+1,1, 0; /), rij) + 2is{Qam{-, s + 1, 0, 0; /), rjj)^ . 
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We can repeat this procedure W times in all to obtain, again for Re(s) > 2, 

{Qami; s, 1, 0; /), t?,) = V '\ {Qami; s + W + ci,l - di,0;f), rij), (3.18) 

with integers ci,di satisfying ^ ci,di ^ W, di < W + ci, Pi{m,s) a polynomial in m,s alone of 
degree W 'mm and of degree W in s and Ri{sj, s) a polynomial in sj, s alone of degree 2W in sj and 
of degree 2W in s. In fact 

Ri{sj,s) = Ylisj -b- s)(l - Sj - 6 - s) (3.19) 

6 

where, for each I, the product is over some subset of integers 6 in {0, 1, ■ • • , 2W} of cardinality W. 
If rf; = 0, then we have 

Qam{z,s + W + ci,l, 0; /) « yrizy/^-"^/^ (3.20) 
by Proposition 3.3, for W > 1. Hence 

{QU; s + W + ci,l,0; /), rj,) « \\yriz)-'/'\\ ■ \\vj\\ = ^\\yr{z)-'/^\\ « 1. (3.21) 
For <di ^W, Prop. 3.5 imphes that 

and hence {Qam{z, s + W + ci,l - di,0; /), r]j) < 1. Therefore, for j > 0, {Qam{-, s, 1, 0; f),r]j) is an 
analytic function of s for Re(s) > 1 — (5r and satisfies 

(O„„(-,s,l,0;/),r,,) « « |A,|-^ (3.22) 

for implied constants depending on s, m, W, f and T alone and with the dependence on s being uniform 
on compacta. 

For j > and for all n > we can now use (3.4), Lemma 3.1 (i) and (3.22) to get 

J2 < Qam{;S,l,Q-JUj > R"{VJ{Z)) «rl-^((r"/2 + l)j/r(^)V2 + (r"+7/2 + l)y^(^)-3/2). 

TC|Aj|<T+l 

Hence for W = 6 + n, 

oo 

J2 < Qam{;s,l,0;f),Vj > R"{Vj{z)) <^yT{zf'^ (3.23) 

for all s with Re(s) > 1 — 6t- The sum converges uniformly for s in compact sets with Re(s) > 1 — 
giving an analytic function of s. When n > 0, i?" eliminates {Qam{--, s, 1, 0; /), r]o)r]o{z). 
For j = 0, the constant eigenfunction is rjo = 'V~^l'^. If m 7^ 0, by unfolding we obtain 



ir^ ( 1 n T^ \ -aa(m)r(s-l) -aaim) ( 1 , 

as s 1 for fa{z) = X1to=i «a(w)e(mz). If to = 0, the same process gives 0. 
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With arguments similar to those used for the discrete spectrum wc now consider the continuous 
spectrum. For Pi,Ri,ci and di identical to (3.18), Lemma 3.1 (ii) gives 

{Qami;S,l,0-J),Eb{;l/2 + ir)) = 

^ Ri(l/2 + ir s) « + ^ + 1 - c^i, 0; /), Ei,{; 1/2 + ir)), (3.24) 

which is true for Re(s) > 2 initially. 

With (3.19), (3.20), Prop. 3.5 and Lemma 3.1 (ii) we see that (for I) the right side of (3.24) 
converges and gives the analytic continuation of the left side to Re(s) > 1 — (5r- Now, for all n > 0, 

l-T+l 

{Qami; s, 1, 0; /), Et,{; 1/2 + ir))R!'E^{zo, 1/2 + ir) dr 

= Y:mm,s) R,il/2 + ir,s) ^ E,iz„l/2 + ^r) dr 

Qam{z,s + W + ci,l-di,0;f) 



^P,(m,s) / 



, D/1/0,- ^ E^{z,l/2 + ir)R''E^{zo,l/2 + ir)dnzdr. 

T iff Ri{l/2 + tr,s) ^3_25) 



The integrand satisfies 

Qam{z,S + W + Ci,l-di,0;f) 



Efc {z, 1/2 + ir)R''Ei, {zq, 1/2 + ir) < 



Ri{l/2 + ir, s) 

\r\-'^+-yriz)y^-'^/'yr{z)'/^yr{zo)'/' 

by (3.19), (3.20), Prop. 3.5, Lemma 3.1(ii) and the easily proved identity 

R^'Eaiz, s) = s{s + l)---{s + n- l)Uao{z, s, 2n). 

Thus the double integral in (3.25) is absolutely and uniformly convergent and we may interchange the 
limits of integration to obtain 



y^Pi{m,s) [ Qa^{z,s + W + Ci,l-di,Oj) ^^^llIl±^R^E,{zo,l/2 + ir)drdfxz. (3.26) 

, Jt Ri{l/2 + ir,s) 



I 

Also 



r^+^ Et,{z,l/2 + ir) 
Jt Ri{l/2 + ir,s) 



R''Ei,izo,l/2 + ir)dr 



ffT+l i-T+l 
T 

So, with Lemma 3.1 (iii), (3.26) is bounded by a constant times 



^T-^wlj \E^{z,l/2 + ir)\^dr-j \R^Eb{zo,l/2 + ir)\^ dr. 



V|P,(m,.)|ri2-2^+2" / yr{z)^/'-'^/^df,z • yr(^o)^/'. 

I h 



This means that, for W chosen large enough. 



/oo 
(Q„„(-, s, 1, 0; /), Eb{; 1/2 + ir))R"Ei,{z, 1/2 + ir) dr < yr{z)^/^ 
-OO 
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To combine the information wc have collected for the discrete and the continuous part of (3.17) we 
observe that with (3.23) and preceeding discussion we can interchange summation and differentation 
to get 

oo oo 

^"(E < Qa™(-,s,l,0;/),r;, > r?,(z)) = ^ < g„„(., s, 1, 0; /), r;, > i?"(r,,(z)) 

j=l 3=1 

and that Lemma 10.2 of [DO] implies 

— ^i?" / {Qam{;s,l,0;f),Ei,{;l/2 + ir))Eb{z,l/2 + ir)dr = 
b •'^ 

I ^ {Qam{;s,l,0;f),Ei,{;l/2 + ir))R"Ebiz,l/2 + ir)dr 

for aU T G M. Therefore, 

OO 

R^Qamiz, s, 1, 0; /) = {Qami; s, 1, 0; /), %>i?"% + ^(Qam(-, s, 1, 0; /), Vj)R"{Vj{z)) 

1 f°° 

+ ^12 {Qami-, s, 1, 0; f),Eb{-, 1/2 + ir))R"Eb{z, 1/2 + ir)dr 

and it has a continuation to a meromorphic function of s with Rc(s) > 1 — Sr- For these values, 
(s- l)Qom(2,s,l,0;/), i?"gam(2,s, 1,0;/) {n > 0) and Qao{z, s,l,0; f) are all < yriz^^^ The only 
pole is at s = 1 and it comes from the contribution of rjo when n = 0. 

To pass to general fc's we apply the operators Rr successively, using (3.1), to obtain, for fc > 0: 

Qam{z,s,l,k;f) = — r —( R'' Q am{z , s, 1,0; f) 

s(s + l)---(s+|-l) V 

k-1 k 

+ 5Z XI 'Phji'fn^s)Qcimiz,s+j,-i,k;f)^ (3.27) 

i— — 1 j — l+i 

with polynomials pi^j in m and s. Here the prime indicates that we exclude the term corresponding 
to (i, j) = (—1,0). Thanks to Propositions 3.3, 3.5 (for —i < 0) and the meromorphic continuation 
and growth of R'^Qamiz, s,l,Q; f) we just proved, the identity (3.27) implies Prop. 3.6. For A; < 0, 
we work in a similar way. □ 

End of proof of Th. 3.4 By Propositions 3.2 and 3.6, the inductive hypothesis and (3.14), we deduce 
that for fc > Zarn{z, s,l, k; f) is holomorphic in s and that for fc = the only possible pole is at 
s = 1 which is simple. This completes the proof of the analytic continuation of Zam- 

To prove the bounds, we recall from (3.11) and (3.12) that, for z <E ^, J^"^ f{w)dw <C 1 and 
Ja"^ f{u>)dw <C e~'^'^^, if a 7^ b as 2/ ^ oo. The desired bound follows from this. Propositions 3.2 and 
3.6, the inductive hypothesis and (3.14). For m = 0, A; = 2 and s = 1 we deduce the bound from these 
inequalities and Uao{<7bZ, 1, 2) ^ SabV + 1, as y — > cx) (see (3.8)). □ 



3.3 A family of functions of 5*2. 

In this section we construct a family of t-order cusp forms based on the analytic continuation of 
Zam{z, s, 1, 2; /) established in Section 3.2. The construction is carried out in three steps. 

In the first step, since we are mainly interested in the weight according to j(7, z) rather than £(7, z), 
we set 

Zamiz, s; f) := y^^Zarniz, s + 1, 1, 2; /) 



= E 



(^J^ fiw)dwym{aa-'^zye{maa-'jz)j{aa-'j,z)-\ (3.28) 
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According to Theorem 3.4, Zam{z, s, Fi^^,,,^i^_^) is analytic for Re(s) > —Sr- It is easy to see that 

Zam{-,0,Fii,...,it-i)\2il - 1) = 



^»i,...,it-i j -Pgm ( / -Pii,...,ir j •^tiTO('' ^' -^ir+ivi»t-i )■ 

r=l "'o 



Further, for Re(s) large we have: 



— Zam{z,s;Fi,,„„i^_,) = ^Zam{z,s + 1,1,0; Fi,,,„,i^_,) (3.29) 
In the second step, if /j^ = a;-Pomp we set, for j > 1, 

Zij,...,it = aiZamii'j 0; Fij,...,it-i)- 

I 

An inductive argument implies that, for f > 2, 

t-i 



^«,...,ij2(7-l)=E(/'' "^n,...,v)^Wi,...,i* (3-30) 

In view of (3.29), we apply the same linear combination to 'ReSs=iZam{', s,l,0; Fi-^^,,,,i_^_-^) and to 

~2nim^ , for TO > 0. We denote them by Rii,...,it and ai^^,„^i^ respectively. Then, (3.14) and Prop. 3.2 
give 



Rti,...,H = +X1 ( / -^ii.-,v)-Rv+i.-,if (3.31) 



For convenience we have set Zj := fj. (3.30) and induction imply that 



^n,...,ij2(7i-l)-- •(7^-1-1)= r r'^'^h-Jn (3-32) 



a 



In the third step, we suitably modify the functions constructed so far to obtain holomorphic forms. 
To state a lemma we will need, we recursively define the following functions: 



Sii / fn{w)dw and 

J z 



r=l 



We also set Si^_^_^^,„^i^ = 1, Si^^,,,^i^ = for j > fc + 1 and Si^ = 1. 

Lemma 3.8. Let t G Z>2. For every i\,...,it G {1,. . . ,g} we have 
(i) For m ^ 0, 

i-2 

Rii,...,it — ^ ^ ' 0'i.j+i,...,it- 

3=0 

(U) ^ 

i2eSs=iZao(-,s, l,0;Fii,...,iJ = —Sii, 
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Proof: (i) is proved by induction in t. By (3.14), it is clear for t = 2. If the result holds for orders 
< t, then (3.31) implies that 



t-2 



r=l "'^ 



Rii,...,it — 0'ii,...,it + ( / ^ ] 



By the definition oiSi^...i^ for j > k, the inner sum can be written in the form 'S'i^+i,...,ijaij+i,...,it 
and thus 

t — 2 t — 2 

Rii,...,it = Clii,...,it + ( / -Pii,...,jr'^jr+i,---,i3)''i3 + i >•••.»* • 

Since Si^^,,,^i^ = for j > fc + 1, the inner sum equals Si^^,,,^ij. This proves the identity for t. 

(ii) follows from (3.14), Prop. 3.2 and a straightforward induction argument because, as shown in the 

proof of Prop. 3.6., aii,...,^^ in (3.14) is 0. □ 

By (3.29) and Lemma 3.8(i), there is a linear combination Z(i\, . . . ,ij_i) of Z^^^i^, ■ ■ ■ i Zi^^,,,^i^_^ 
for m 7^ such that 

d i 

^(■^ii,...,zt - Z{ii, . . .,it-i)) = ■^{Si^^,„,i^_2ai^_^^iJ (3.33) 

Since 



-aa{m) 



(where < •, • > is the usual Petersson scalar product), by the definition of ai^_^^i^ we have, 



2i< ht-iJit >■ 



Therefore, if it-i ^ it, (3.33) and the orthonormality of the basis imply that .^ii,...,^^ — Z{ii, . . . ,it-i) 
is holomorphic. If it-i = it, (3.33) again implies that 

- Z{ii, it-i)^ - (-^ii,...,it_2,i,i - Z{ii, it-2, 1)) 

is holomorphic. 

In order to keep track of the basis elements we will construct in the sequel, we indicate the conju- 
gation of J^^°^ fij {w)dw by a minus sign in the notation of the corresponding subscript. Specifically, 
in view of (3.32) we set, for every ii, . . . ,it G {1, ... ,5} with {it-\,it) 7^ (1,1), 



7 ■ 

■^—ii,...,—it-i,it 



(-!)*-! {Z,,_,^ - Z(zi, . . . , ^t_l)) if / n 

(-l)*"^(Zij,...^ij - Z{ii, . . . ,it-i) - - Z{ii, . . . ,it-2, 1)) if it-i = it- 



The reason we have added the factor (—1)* ^ is so that Z satisfy (3.32) without the 7j's being inverted 
on the right-hand side. For t = 1, we set, for z < 0, 

= -2'— i = fi f—i- 

Theorem 3.9. Fort G Z>2, ii,...,it-i G {-l,...,-g}, it G {l,...,g} and {it-i,it) 7^ (-1,1), we 

have G S^. 

Proof: They are holomorphic by construction. The invariance under the parabolic elements of all 
■^ii,...,v's is deduced by (3.30) and the fact that G 82- (3.32) implies that 

2h,...,.J2(7i - 1) ■ • ■ (7* - 1) = 0. 
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The growth condition proved in Theorem 3.4 impHes that each Zi^^,,,^i^ and thus Zi^^,,,^i^ is ^ 
y^{z)~^l'^- (Recall that Z^miz^ s + 1, 1, 2; /) is divided by y in Z^miz, s; /)). Considering the Fourier 
expansion of Zi^^,,,^i^ we deduce its vanishing at the cusps. 

Now, (3.30) and Th. 3.4 imply that I27 ^ ydi^)~^^'^ ^'^^ each 7 e F. Therefore, the same 

estimate holds for the holomorphic Zi^^,,,^i^ I27 and a look at its Fourier expansion implies the vanishing 
at the cusps for each 7. 

By (the second formulation of) the definition of 51 we deduce the result. □ 

In the next section we will also need a family of functions lying outside 82- They are the analogue 
of the fimction Z^^^ + 2iV< /i, /i >Pao{z)2 in Prop. 5.2 of [DO]. If Oj (i = 1, . . . , m) is a set of 
inequivalent cusps for F, set 

fg+i ■■= PoiO - PamO for i = 1, . . . , m - 1. 

Then {fg+i,...,fg+rn-i} a basis of the space £2 of Eisenstein series of M2 (cf. [GO]). For ij e 
{l,...,g}, we set 

{-2-ii,...,it if it-i it 

(-!)*-! - Z{h, it_i) - 2iV ■ Za^oi; 0; j) if H-i = H- 

The last term is understood to be -Po„o(')2 when t = 2. By Lemma 3.8(ii), (3.29) and (3.33) we 

observe that -U-i h ^® holomorphic. By the holomorphicity. Theorem 3.4 and (3.8), Z'_i^ 

vanishes at all cusps except in the case t = 2. Again the reason for the factor (—1)*"^ is that Z' 
now satisfies (3.32) without the 7j's being inverted on the right-hand side. 

3.4 Construction of a basis of Sl 

We will use the functions defined in Section 3.3 to build recursively bases for all S^'s. We first introduce 
some notation and prove an elementary lemma. First, following [R], for an increasing finite sequence 
ii) • • • jt-i we call a shuffle of type (r, t) a pair ip) of order-preserving maps 

(/) : {ji,...,jr-i} {1, . . . ,t - 1} and ip : {jV, • • • ^ {!,. 1} 

whose images are disjoint and complementary. Since the specific underlying sequence will be under- 
stood in each case, we denote their set simply by Sr,f We then have 

Lemma 3.10. For F € S^, G G M^-''+^ we have 

{F-GMji - 1) . . . (7t-i - 1) = E ^l2(70(i) - 1) • • ■ i^r-i) - 1) • G|o(7v-W " 1) • • • " !)• 

Proof: By Th. 2.2 of [CD], we have 

{F ■ G)|2(7 - 1) = -F|2(7 -1)-G + F- G|o(7 - 1) + -^[2(7 - 1) • G|o(7 - !)• 

This means that each time we apply a 7 — 1 (7 G F) on F • G, either F or G or both are acted upon 
by 7 — 1 too. Now, F (rcsp. G) is annihilated by any products with r (resp. t — r + 1) factors of the 
form 7 — 1. Therefore, the only non-vanishing terms left after (71 — 1) . . . (74-1 — 1) is applied on F • G 
are the products of the form 

FUli, - 1) . . . (7v_. - 1) • G|o(7,, - 1) • • • hn-. - 1) 



with ii < ■ ■ ■ < ir-i, ji < • ■ ■ < jt-r and ii, . . . , V-i, Ji, . . . ,jt-r covering {!,... ,t—l}. In particular, 
by the last two facts the sets of ik and jk are disjoint. This implies Lemma 3.10. □ 
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Next, for j G {±1, • • • , ±5} U {5 + 1, . . . , g + m — 1} we set < /j, 7 > for fj(w)dw, when j > 
and f-j{w)dw, for j < 0. We also set A for the space generated by maps ^ : — > ^2 defined by 

<l>hi,---,n) =< /«i,7i > ••• < > fi,+i 

with —ij = ij+i = 1 for at least one j e {1, . . . , I}. (In section 4 we will need the analogue of this 
space with /i,^^ of higher weight. In an effort to simplify notation, A will stand for the space in the 
case of weight 2 and when we need it for higher weights, we will indicate it by a subscript.) 

We denote by I' the set of vectors (ii, . . . , it) with entries in {±1, . . . , ±g} for which there is no 
j G {1, . . . ,t — 1} such that —ij = ij+i = 1. We also let / be the set of (ii, . . . , it) e /', with it > 0. 

Starting with Zi, suppose now that, for each s <t, the forms Zi^,...^i^ , {ii,. . . ,is) € / satisfy 

Zn,...,iMli - l)-..(7.-i - 1) =< /n,7i > ••• < fi,-i,ls-i > /i, + <?!'(7i, • • • , 7s-i) (3-34) 
for some (p £ A. 

We claim that for every {ii, . . . ,it) & I, there are Zi^^,,,^i^ satisfying (3.34) with s = t. 
First, with Lemma 3.10, 

[2n I >2i2,...,HHc^«^]|2(7i-l)---(7t-i-l) = 

J i 

/ft-li 
fi^{w)dw + <p{ji,...,jt-i)- (3.35) 

Hence, for (ii, . . . , it-i) G I and it G {1, . . .,g} we set 

J i 

Next, if ii < 0, (ii, 12) € I, and {is, . . . ,it) G I, 
[Zii,i2 / 2:i^,...,iti'^)d'w]\2hi - 1) . . . (7t-i - 1) = 

J i 

2^ / fii {w)dwfi^ [[< 4. , 7^(j) > / /i, {w)dw + ^(71 , . . . , 7t_i) 

for some (j) £ A. By the definition of shufHes, J^^'^^ fit{w)dw appears as the last factor and thus 
unconjugated in each summand of the right-hand side except for that corresponding to 0(1) = < — 1. 
Therefore, by (3.35), there is a linear combination of Zj^ Zj^^,,,^j^ {w)d'w^s denoted by A{fi^ , . . . , /jj, 
such that 

[Zii,i2 f 2;i^,...,H{w)dw - A{fi^,. . . ,/jJ]|2(7i - 1) • • • (7t-i - 1) = 

J i 

/ fii{w)dwfi^ < /i3>7i > • • • < /it-i,7t-3 > / fH{w)dw + (t>{'yx, . . . ,7t-i) (3-36) 

J i J i 

for some (j) £ A. Hence for {it-\,it), (ii, . . . , it-2) G / and it-i < we can set 

-2^11,. ..,it ~ ■^it-iM j •^M,...,it-2 (^)^^ ~ ^(/it-i ) /it ' /in • • • ' /it-2)- 
J i 
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Further, if ii,i2 < and (n,i2,«3), {h, ■■■,it) & I, 

[^ii,i2,i3 / 2:^^,...,itiw)dw]\2{ji - 1) . . . (7t-i - 1) = 



0(71,..., 7t_i) 



for some (j) G A. The only summand that does not appear on the right-hand side of (3.35) and (3.36) 
for an appropriate permutation of ii, . . . ,it, is 



fi^ {w)dw / (w)dwfi^ < /i4 ) 7i > • • • / fit (w)dw. 

Therefore, by (3.35) and (3.36), there is a Unear combination of terms -Ej^ Zj2^...j^{w)dw^s and 
^31,32 li ^33, -Jt {w)dw's denoted by B{fi^ , . . . , /jj, such that 

[^iui2,is Zi^,...,iAw)dw - B{fi^,. . . ,/iJ]|2(7i - 1) • • • ilt-i - 1) = 



/7t~2« rjt-ii /■7t-3» 

fn{w)dw / fi^{w)dwfi^ < /i^,7i >• • • / fit{w)dw + ?!>(7i, . . . ,7t-i) 
J i J i 

for some (j) G A. Hence for (i(_2, it-i, it)^ {h, ■ ■ ■ , its) G I and it-2, h-i < we can set 

Zii,...,it '■— -^11-2,^-1, it I -^ii,.--i»t-3 (^)'^^ ~ ■^(/*t-2 ) /it-i > /it 5 /ii ) • • • ! /it-a)' 
J i 

Continuing this way wc construct, for all (ii, . . . ,it) G /, functions Zi-^^,,,i^ satisfying (3.34). The 
last element, whose indices ii, . . . , it-i arc negative, is obtained directly from Th. 3.9. 

We also define recursively a similar family of functions involving Z': Starting with Z[ = Zi, suppose 
that, for each s <t, Z-^^^^^ ^^, ij e {±1, ■ ■ ■ ± g} {is > 0) satisfy 

2'i„...,ij2hi -!)••• (7.-1 - 1) =< /n,7i > ■ • • < /i3-i,7«-i > fis- (3-34') 

Then 

i-z rlt-ii 

y^'ii / ^i2,-M {w)dw\\2{'yi - 1) . . . (7t-i - 1) = /ii < /i2 , 71 > • • • < fit-i > 7t-2 > / fit {w)dw 

Ji Ji 

and for ij e {±1, • • • ± g'} {it-i > 0) we set 

Next, if ii < 0, 

[ZU [ Zl^,...,i,{^)dw]\2{l, - 1) . . . (7^-1 - 1) = 

J i 



2^ / fii{w)dwfi^[[< fij,j^(^j)> fit(w)dw. 

.L\^c ^i A—Q Ji 



i<P,i>}eS2.t 3=3 
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As before, there is a linear combination of Z'-^ Z!i^ j^{w)dw's denoted by A{fi^, . . . ,fij, such that 
Kx.i. [ ZL..,i»dw - Mfn,- ■ • ,/iJ]|2(7i - 1) • • • (7t-i - 1) = 

rlt-ii rlt-2i 

/ /ii {w)dwfi^ < fi3,li> ■■■ < fit-i^ lt-3 > / fit {w)dw 

SO, if it-1 < we set 



^il,...,it := Z'it-lM j. ^il,...,it-2Hc?W' - MfH-lJitJ^l,■ ■ • >/*t-2)- 

Continuing in this way wc construct, for all ij G {±1, • • • , ±.9} (it > 0), functions Z'^ satisfying 
(3.34), but, this time, without a (p. The last element, whose indices H,...,if_i are negative, is 
obtained directly by the construction at the end of section 3.3. 

By construction these functions arc holomorphic and satisfy the stated functional equation. They 
have at most polynomial growth at each cusp a, and vanish at a 7^ am- Because of this, they are 
invariant under ttq for am- 

To prove that the Z^s span 51, we will need a lemma that generalizes Prop. 5.2. of [DO]. 

Lemma 3.11. Let t >3. Suppose that for some F G S2 and Ci^^...^i^ G C, 



i^|2(7i - l)...(7t-i - 1) = ^Ci^,-M / fi(w)dw I fi{w)dw < 7^3,73 > ■ ■ ■ fu 

J i J i 

for all 7i e r, where the sum ranges over all ij G {±1, . . . , ±5}. Then all Ci^,...,it vanish. 
Proof: As shown above, 



/i {w)dw / /i {w)dw < , 73 > . . . fu 

J i 

and hence F — Ci^^___^i^Z'_-^ ^ is annihilated by (71 — 1) . . . (7^-1 — 1). Since F and -2^^ 2,... 
of at most polynomial growth at the cusps, for every 7^ G F, we have 

g-\-m—l 

{F-^ Ci3,...,it^-i,i,...,iJ|2(7i - 1) . . . (7t-2 - 1) = J2 ^'('^'1' • • • '7t-2)/i 

i=l 

for Xi '■ r*~^ — > C. The left-hand side is annihilated upon the application of one more 7 — 1 and hence 
the identity j5—l = (7— 1)(^— l) + (7 — l) + ((5 — 1) implies that each Xi is a group homomorphism 
in terms of each jj. 

By Eichler-Shimura isomorphism, 



/ /■7t-2J /■7t-2» 

Xi(7i, • • -,74-2) = ^ ( «}(7i, • • • ,7t-3) J hj{w)dw + 6}(7i, . . . ,74-3) gj{w)dw 



for some a^-, 6^- : F* ^ ^ C, Qj G ^2 and hj G M2. The injectivity of the Eichler-Shimura isomorphism 
implies that each aj, 6J is a homomorphism on each of the arguments and hence, by induction, we 

deduce that 

(F - ^ Ci3,...,H2ii,i,...,,J|(7i - 1) . . . (7t-2 - 1) = 

^ Ki,...,H-i < /ii,7i > ••• < /it-2.7t-2 > fit-i (3-37) 

ii,...,it-i 
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with ij e {±1, • • • , ±,9} L) {g + 1, . . . , g + m — 1} and it-i > 0. Since Z-^_ is invariant under tTo^ 
when i ^ m, the identity (7 — l)(7r — 1) = (77r7~^ — 1)7 — tt — 1 implies that 

^i„...,ij2(7i-l)---(7*-2-l) 

vanishes when one of the 7j"s equals TTn^, i 7^ m. Since F G S2, this then also holds for both sides 
of (3.37). Therefore, none of the fi-, j < t — 1 appearing in (3.37) can be non-cuspidal. Indeed, 
for < fc < m, < fij,nak >^ iS ij = g + k (recall the definition of fg+i)- Hence, for all 
71, . . . ,7j_i,7j+i, . . . ,7t-2 € r and for 7^ = na^, {k = 1, ... ,m — 1), the RHS of (3.37) equals 

^ ^ ^ii,...,ij-i,g+k,ij+i,...it-i ^ 

2l,...,ij_l,2j + l,...,2t_l 

< /ii,7l > ■ • • < fij-i,1j-l >< fg+k-,T^au >< fii+i,l3+l > ■ < /it_2,7t-2 > fit-i = 0- 

Therefore, by the injectivity of Eichler-Shimura isomorphism, Xii^...^ij_j^^g+k,ij+i,it~i = 0. Hence, only 
cusp forms fj appear on the RHS of (3.37), so if {71, . . . , 74-2} contains tTo^, both sides of (3.37) 
vanish. Since F e S'2, this implies that ^ c^^ u-^-i 1 i [2(71 — 1) . . . (74-2 — 1) = if at least one 
of the 7j's is tTq^. However, we can show, by induction that, when ii < 0, 

-2^*1,^2,.. ., it 12(^0™ - l)---(7t-2 - 1) = /i, </i,_i,7t-2 >••• / Z'_i^i{w)dw 

J i 

if (*!, ^2) = {—i, i) [i > 0) and otherwise. For t = 3, it is straightforward. If ir > 0, ir+i, • ■ • , H-i < 0, 
then -Zij^j^,3^... is by definition equal to -Z^'^^^ ■^'-i,i,i3,...,ir minus a linear combination of products 

of the form -Zt+)=,...,it ii"" -^ii,i2,j3,... > 1) which we denote by C{f-i, fi, fi^, . . .). The indices 
ji,72,--- in the expression of C{fi^, fi.-^, . . .) are obtained by interspersing, in their original order, 
subsets of {v+i) • • ■ , *t-i} among the indices ii,i2,i3, ■ ■ ■ ,it- Now, as in Lemma 3.10, we observe 
that, if one of the 7, is parabolic and U+k, ■ ■ ■ H-i < 0, V+fe-i > then, for fc > 1, 



[ 2;,,2,...,v+.- Jl2(7i - 1) • • • (7t-2 - 1) = 



12(7^(1) -!)••• (7^(t-r-fc) - l)x 

/.7^(r+fc-2)2 

/ [^ji,j2,...,v+.-il2(7V'(i) -!)••• (7v.(r+fc-3) - l)](w)rfw. (3.38) 

J z 

Therefore, by the second part of the inductive hypothesis, the application of (tTo^ — 1) . . . (74-2 — 1) 
on Z'_^ ^ will eliminate all terms in C{f-i, fi, fi^,. . .) except for those with ji = —i, j2 = i, thus 
obtaining, by (the first part of) the inductive hypothesis, products of the form 

7^(l)» . 

-2-i,i(w^)(iM'j • • • < /v+fc_i,7V'(r+fc-2) >< /v+fe,7<^(l) > • • • < fit-i^lcfit-r-k) > fif 



These, upon varying fc, yield 

1/ 



2^ ( / ^-i,i{w)dw j ■■■ < /v,7^(r-l) >< /v+1, 7.^(1) > • • • < /i«_i,7<^(t-r-l) > + 

C(2^„...,/iJ|2(7i-l)...(7t-2-l). (3.39) 



where C{Z'_^^,fi^,...) is C{f,fi^,...) with / formally replaced by Z'_^^. Since the cancellations 
yielding (3.34') do not rely on /j/s being a cusp form rather than second order modular form, the 
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same cancellations imply that (3.39) equals /j^ < /it_i,7t-2 > • • • J^"""^ ^'-i,i{''^)dw as we wanted to 
show. 

The second part of the claim is proved in the same way, once we observe that C{fi^, fi^, ■ ■ ■) 
does not contain integrals of -Zij j because of the way the indices ji,j2, ... in the expression of 
C(/ii , ,fi2, ■ ■ ■) are obtained and the fact that v+i, . . . , it-i < 0. Therefore the inductive hypothesis 
can be applied. 

Therefore, for all 72, ... , 7t-2 € T, 

X] Ci3,...,i«-2il,l,...,i, |2(7r„^ - 1) . . . (7t-2 - 1) = 

ZLj^j^{w)dw] ^Ci3,...,i, < /j3,72 > ••• < /it_i,7t-2 > fit 



/■71 

J i 



and since the LHS is 0, the linear independence of the terms < f 13,^2 > • • • < /it_i,7t-2 > fu for 
72: ■ • • 1 7t-2 G Tj implies the desired conclusion. □ 

Theorem 3.12. Let t>l. Then the image of 

{Zi^^,,,^i/,{ii,...,it) € /} 
under the natural projection is a basis of S2/ S\^^ . 

Proof: We first note that by Th. 3.1 of [CD], each ((ii, . . . ,it) & I) is a weight 2, t-th order 

form cusp because it is the product ("0-th Rankin-Cohen bracket") of a weight 2, order r < t cusp 
form and a weight 0, order t — r + 1 modular form (namely the antiderivative of a weight 2, order t — r 
cusp form). 

We now show that our set spans S\/S^^. The claim is obvious for t = 1. Let now t > 1 and 
F € Si- Then, for every 7, e T, 



-F|2(7i - 1) • • • (7t-i - 1) = ^Xi{lu ■ ■ ■,lt-i)fi 



for a Xi ■ r*~^ — » C. As in the proof of Lemma 3.11, each Xi is a group homomorphism but, in addition, 
each of them vanishes at the parabolic elements as a function of each 7^. Repeated applications of the 
Eichler-Shimura isomorphism imply that each Xi(7i, . . . ,7t-i) is a linear combination of 

t-1 

n<4'7j> ij e{±l,...,±g}. 

By the construction of Zij,...,;/s and (3.34) (with s = t) we then deduce that there is a linear com- 
bination L of these functions satisfying, (F — L)|2(7i — 1) . . . (7t-i — 1) = (/>(7i, . . . ,7t-i) for some 
(l> e A. We will show that ^ = 0. 

By the definition of A, there are c-^ ^.^^ u ^ such that ^(71, . . . , 7t-i) equals 



< /ii ' 71 > • • • / fi{w)dw / fi{w)dw < fi.^^ , > ...fu 

for all 7i e r. The inner sum ranges over all (ii, . . . , . . . ,it) such that {ij+2 . . ■ ,it) S / and 
the hat indicates missing index. The term corresponding to j = t ~ 1 is understood to end with 
j^7t_ii j^(^yj^fiyjj^_ With (3.34), an induction shows that, for some o!'i^^,„,b\^^2,— ^ ^^'^ 
re-written as 

t-1 

«L...,i,-i </ii'7i>---x 

j=l I 0<\ik\<g 



/7ji /•7i + l« 

fi{w)dw fi{w)dw 2^ b\^+„...,u.,<fy+2,7j+2>...fu (3-40) 

o<\ik\<g 
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with 



h{w)dw ^ ^^i.+s.-.i*-! < /i,+2,7i+2 > ...fu= G|2(7i+i - 1) . . . (7f-i - 1) 

0<\ik\<9 



for some G G S2~'' ■ 

This impUcs that, if wc consider 71, . . . ,7(-2 fixed for the time being, each term in (3.40) except 
for that corresponding to j = i — 1 is a multiple of a G|2(7t-i — 1) for some G £ 82- Hence, if 
{F — i)|2(7i — 1) . . . (7t-i — 1) = ^(71, • • • , 7t-i)) then there is a second-order form Gi and a ^t-i € C 
(which will normally depend on 71, ... , 7t-2) such that 



Gi|2(7t-i - 1) = Mt-i / fi{w)dwfi 



Prop. 5.2 of [DO] implies that fjbt-i = 0. Therefore, <?i>(7i, . . . ,7t-i) equals the expression in (3.40) 

but with one term less. 

We can continue the 'descent' this way by noting each term on the right-hand side except for the 
last one is a multiple of a G|2(7t-2 — l)(7t-i — 1) for some G e Sf. Therefore, there is a G2 € 
such that 

G2|2(7t-2 - l)(7t-i - 1) = m / h{w)dw I fi(w)dwfi, 

Jioo Jico 

for some Ci^ G C and this, from Lemma 3.11, implies that all Cj^ vanish. Continuing this way we 
deduce that <j) = 0. 

We will finally show that the Z^s are linearly independent modulo Sl~^. Suppose that 

(ii,...,it)e/ 

Then 

XI K,-,H2ii,-,itU{7i - l)-.-(7t-i - 1) =0 

(ii,...,it)6/ 

and by (3.34) (with s = t), we obtain 

X K,-,H </ii.7i > ••• < /i,-i,7t-i > /it +0(7i,---,7t-i) = 0, 

{ii,...At)eI 

for some (f> E A. Since the set of all x^'s is linearly independent and </) is a linear combination 
of < /ii,7i > ••• < /it_i,7t-i > fit's with (ii,...,zt) ^ /, we deduce that Aij,...,ij = 0, for all 
{ii,. . . ,it) G /, i.e. the Z's are linearly independent. □ 

Corollary 3.13. Let g he the genus ofT. The dimension of Sl{T) / Sl~^ (T) (t > 1) is if g = 0, and 

I {{9 + Vg^y + {9- Vg^y) 

otherwise. 

Proof: According to the theorem, to prove the corollary in the case g ^ 0, it suffices to compute 
the cardinality of /. If bt is the cardinality of /', then, — at is the number of vectors in /' with 
it < 0. In particular, it I and hence, bt — at= gbt-i- On the other hand, bt = 2gbt-i — bt-2- {gbt-i 
elements of /' have ii < and ,g&t-i — 64-2 have it > with {it-i,it) ^ (—1, 1)). The solution of this 
recursive relation with 61 = 2g, 62 = — 1 is 

h = .\ ^ ({9 + VF^y^' -{9- ^^^y^') 
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when ,9 7^ 1 and bt = t + I, when ,9=1. The conehision then follows from bt — ai = gbt-i- 
The proof of the corollary in the case 5 = follows by the observation that, for F G iSKF), 

i^|2(7i -!)••• (7t-i - 1) G S2{r). (3.41) 

Since S2{T) = {0} when g = 0, this implies that F e Sl~'^{T) and hence Sl{T) / Sl~'^ {T) = {0}. □ 

Examples (with g ^ 0): 

t dim{SliT)/Sl-\T)) 

1 9 

2 2.g2 - 1 

3 4c/3 _ 3c, 

4 8g^ -8^2 + 1 

5 165^ - 20^^ + 5g 

4. Higher Weights 

Our construction of the base of for A; > 2 and t > 1 relies on the base for Sl~^ we have 
just defined and it parallels the process we employed to construct the latter. We shall maintain the 
notation developed in the previous sections. 

First of all we note that Theorem 3.4 can be used just as well to construct forms of higher weight. 
Specifically, for every k > 2 and f G we set 

Yam{z, s; f) := y-''/^Zam{z, s + k/2, 1, k; f) 



According to Theorem 3.4, it is analytic for Re(s) > 1 — k/2 — 6r and it is easy to see that 



f7~ f 

Fii,...,it-i ]Pami')k + 

r=l 

Here we set 



Fn,...,^,_,)Parni■)k+Y.{J^ i^H ^am (', 0, J (4.1) 



Pamiz)k := y ^Uarniz, 1, k), 

the Poincare series of weight k. There is a set of positive integers M such that {Pam{')k}meM is a 
basis of Sk- 

Now, for Re(s) large we have: 

d — %s — 

~^zYam(,z 1 s] -Fii ) = 2j^i+fc/2 ■^<"" i.Zi s -\- k/2, 1, /c 2; -Fji J ) 

By Theorem 3.4., Zam{z, s + k/2, l,k — 2; ) is holomorphic at s = 0, when k> 2 and hence 

yam{zA,Fii,...,H-i) is holomorphic in z. Thus we set ■= Pam{-)k and 



iV—ii it_i;m — ( 1) ^m(-2, 0; ). 



With (4.1) we note that 



/■7i0 /•7t-i0 

>'-ii,...,-it_i;m|fe(7l - l)---(7t-l - 1) = / fii- - fit-iPam{-)k- 

J a J a 
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In exactly the same way as Th. 3.9, we can show that 3^ii,...,ij;m G Si for ij G { — 1, • • • , —g}- 

We can now construct a basis for Sl'^^ by extending the definition of yii,...,if;m to ah (ii, . . . , it) € /' 
and m > 0: First, with Lemma 3.10, for . . . , it) € / 

[ym{z) I Zi,_iXw)dwMll-l)...{lt-l) = 
J i 

for some cp G Ak- Hence, for (ii, . . . , it) € I we set 

yii,...,it:m-=ym{z) / Zi^^,„^i^{w)dw. 
J i 

Next, if ii < 0, and (i2, • • • , it) € /, 

[yiv,m{z) I Zi^^,„^i^{w)dw]\k{li - 1) . . . (7t - 1) = 

J i 

/n {w)dwPa^{-)k n -=2 < k ' 7^0) > hAw)dw + .^(71, ■ • • , 7t) 

(<)!), i/')e52,t+i 

for some G ^fe. Therefore, as in Section 3.4, there is a Hnear combination of ym{z) {w)dw^s 
denoted by Ai^^,,,^i^-rn, such that 



[yH,m{z) ^i2,...,it(w)rfu; - Aii,...,i,;„]|fe(7i - l)...(7t - 1) 



fH{w)dwPami-)k < /z2.7l > • • • < fit-i,lt-2 > J fitiw)dw + . . . ,7t) 

for some (p G Ak- Hence for (ii, . . . , it-i) G I and it < we can set 

yii,...,it;m{z) ~ yii;m{z) I ('M^)c^'!A' ~ ^it,ii,...,it_i;m- 

J i 

Further, if ii, ^2 < and {is, . ■ . ,it) € /, 

[yh,i2;mi^) / ^i3,...,»tHc^w]|fe(7i - l)...(7t - 1) = 
J i 

/•7.*.(i)» n<i>(2)i * n^(t)i 

2^ / fn{w)dw fi2{w)dwPam{-)k[[<fij,'yi,{j)> fi,{w)dw+ 

■^(Ti, • • • ,7t) 

for some cf) £ Ak- Therefore, there is a hnear combination of terms ym{z) Zj^^,,,j^{'w)d'w's and 
yji;m{z) Zj2^...j^{w)dw^s denoted by i3ii,...,ij;m, such that 

[3^n.<L. I Zi:,,....,t,iw)dw - Bii,...,i,;„]|fc(7i - 1) . . . (7t - 1) = 



I hi {w)dw / iw)dwPa,ni-)k < .fi3 , 71 > • • • / ./it iw)dw + (/)(7i, . . . , 7t) 

« J i J i 

for some G ^fe. Hence for (ii, . . . , it_2) G and if_2, if-i < wc can set 

3^ii,...,it;m('2) D^it_i,it;m(-2) / Zi^^,,,^i^_^(w)dw — Bi^_^^i^^i^^,,,^i^_^. 

J i 

Continuing this way we cover the entire I' and hence we construct, for all (ii, . . . , it) € functions 

3^ii,...it;m such that 

yii,...,it;m|fe(7l - l)...(7t - 1) =< /ii,7l > ••• < fit, It > Pam{-)k + 'P{ll,---,lt) (4.2) 

for some (j) G Ak- 
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Theorem 4.1. If k ^ A and g is the genus ofT, then the image of the set 

{yn,-,it;m; (h, . . . , it) e m e M} 

under the natural projection is a basis of Sl+^{r)/Sl{r). Therefore the dimension of SI+\T) / SKT) 
isOifg = 0, {t + 1) dim(5fe(r)) if g = 1, and 

2^g^ - 1 V / 

otherwise. 

Proof: Each yi^^...^i^-m is a (t + l)-th order cusp form as the product of an order r < t + I cusp form 
and an order t + 2 — r modular form. 

Now, since the argument does not depend on the weight, we can show exactly as in the proof of 
Th. 3.12, that if F e Sl+\ then 

F|fe(7i-l)...(7t-l)= E ^n,...,»*</ii'7i>---<4,7t>Ji,+i- (4.3) 

Here Fi ranges over a basis of Sk- By (4.2) we then conclude that there is a linear combination L of 
functions in the set under consideration such that 



(F - i)|fc(7i - 1) ... (7, - 1) = 0(71, . . . , 

for some (f) E Ak- It is easy to see that Lemma 3.11 holds in weights > 2. The only adjustment 
required in the proof is that the construction of the analogue of Z' is based on 



3^ii ,...,2r.;m / ^i. 



r+l, 



fe- 



instead of Z^^ j_ Z[^^_^ We deduce that = and hence, our set spans S*^^ / S\ 

The proof that the set is linearly independent is deduced directly from (4.2), exactly as in Th. 3.12. 
The formula for the dimension in the case g > is deduced by the formula for ht := #/' established 

in Cor. 3.13. In the case g = 0, the dimension is because of (4.3). □ 

Examples (with g ^ 0): 

t dim(5*(r)/5*-i(r)) 

2 25dim(5fe(r)) 

3 (4.g2-l)dim(5fe(r)) 

4 {8g^ -Ag)dim{Sk{r)) 

5 (165^- 12^2 + i)dim(5fc(r)) 
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